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ABSTRACT 
 

ℝ-Multiplier  as  a Method of Optimization. The paper is part of the start of the investigation to 
use ℝ-Multiplier as an optimizing mapping. An  ℝ-multiplier is a mapping, 

ρ: G X G  → ℝ ,  where, in this case, G is a commutative topological group, such that 

ρ(xy,z)ρ(x,y) =ρ(x,yz)ρ(y,z)                                      (1)                 

ρ(x,e) =ρ(e,x )  = 1.                                                (2) 

The motivation to embark on the study is due to the following theorem 

THEOREM 1. Find x ϵ M   such that the continuous mapping, 

σ:  M →  ℝ    

assumes a maximum or a minimum at some point of  M, where M is  a subgroup of a 
commutative topological group, G.  

This theorem  is due to Kreyszig(1978)  with some adaptations 

   This paper proves, using a constructive method of proof, that an ℝ- multiplier is a continuous 
mapping; thus making an ℝ-multiplier a mapping which assumes a minimum or maximum at 
some point. 

       

1. INTRODUCTION 

 

1.1   On the definition of optimization 

Optimization may be viewed as a technique of obtaining the optimal worth or value of some 
numerical quantity like temperature, airflow, speed, monetary profit, destructive power and 
information. In general optimization may be regarded as a process of making a decision. An 
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optimization problem may be constrained or unconstrained.  A constrained optimization problem 
is composed of two parts: 

(i) Objective function: This is a function f(x) of some independent variable, x∈ 푋 that is to be 
minimized or maximized 

(ii) Constraints: These are equations or inequalities which should be satisfied by the solution to 
the objective function. An unconstrained optimization problem is made up of objective function 
alone and it may be cast as 

 σ: X  ℝ 

such that  

inf{ ( )}x a  -----------------(3) 

 Here the problem is to find an x0 ∈ X ( if it exists)  

such that σ(x0) = a,  such an x0 is called an optimal solution  

OR 

σ: x  ℝ 

such that  

sup σ(x) =b………………………….(4) 

again, here, the problem is to find an x0 ϵ X (if it exits)such that σ(x0) =b. x0 is called an optimal 
solution. 

1.2   Background to the study 

Multiplier( or cocycle) arise naturally in the theory of group representation, and have been 
extensively studied. Mackney,  G.W. (1958)[ 7] discusses the relationships among multipliers 
and projective representations. Bagget,  L. (1973) [ 2] and Kleppner, A.  (1965) [5] classified the 
multiplier representation of locally compact abelian groups. They also showed that all the 
irreducible multiplier have the same dimension. 

                Several authors used multipliers as a function or as a mapping. Kleppner, A (1965) [5] 
worked on a multiplier defined on abelian group. 

Kleppler A.(1993) [6 ] worked on multipliers defined on subsemigroup of locally compact 
abelian group chenoff P.R (1990) [4] used multipliers defined on susemigrup of the reals. The 
values of the multipliers of these authors are in T (the Torus). That is, the authors used T-
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Multipliers (or simply multipliers for we usually omit the prefix T, when the multipliers are T-
valued. 

Varadarajan, V.S (1970) [9 ] introduced a k-multiplier defined on G where both G and K are 
locally compact (ICSC). K, is abelian. In line with the above definition, an ℝ-Multiplier (when 
used as a function or a mapping for optiminization. 

1.3.  Goal of the investigation 

The goal is to make the ℝ-multiplier, σ an optimizing mapping. For σ to be a optimizing 
mapping, it must be continuous in line with Theorem 1.  

            We state the fact of the continuity of ℝ-multiplier as a Theorem: 

Theorem 2 

                Let G be a commutative Compact topological group and an ℝ-multiplier defined on G: 
that is, σ is a mapping, 

σ : GxG→ ℝ 

Such that 

                σ (xy,z) σ(x,y) = σ(x,yz) σ(y,z) ---------(5) 

              σ(x,e) = σ(e,x) = 1-----------------------------(6) 

Then σ is continuous. 

Proof 

                We are to prove that (5) and(6)  above are continuous, by a constructive method of 
Proof. 

Put  x ,= e, then σ(y,z) = σ(y,z) and  

σ (e,e) = σ(e,e) = 1. 

put z=e, then  σ (xy,e) σ(x,y) = σ(x,ye)σ(y,e) 

That is, σ (x,y) = σ (x,y). 

Since σ (xy,e) ≡ σ (y,e) = 1, by definition. 

              Put  y = e, then σ (xe,z) σ(x,e) = σ(x,ez)σ(e,z) 
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That is, σ (x,z)  ≡σ(x,z)                                                       (*)                                                                       

Since σ (x,e)  = σ(e,z) =1 

Put  y = x-1, then σ(xx-1,z) σ(x,x-1) = σ(x,x-1z) σ(x-1,z) 

That is 

σ(x,x-1) = σ(x,x-1z) σ(x-1 ,z) σ(x-1,z)...........................................................(7) 

put x = y-1 , then     

σ(y-1 y,z) σ(y-1  ,y) =  σ(y-1 ,yz) σ(y,z) 

σ(e,z) σ(y-1  ,y) =  σ(y-1 ,yz) σ(y,z) 

σ(y-1 ,y) = σ(y-1  ,yz)  σ(y ,z)..........................................................................(8) 

put  z =y-1, then 

σ(xy,y-1) σ(x,y) =  σ(x ,yy-1) σ(y,y-1) 

σ(xy,y-1) σ(x,y) =  σ(x ,e) σ(y,y-1) 

σ(xy,y-1) σ(x,y) =  σ(y,y-1)............................................................................(9) 

put  y= z-1, then 

σ(xz-1 ,z) σ(x,z-1) =  σ(x,z-1z) σ(z-1,z)  

σ(xz-1 ,z) σ(x,z-1) =  σ(x,e) σ(z-1,z) 

σ(xz-1 ,z) σ(x,z-1) =  σ(z-1,z) ......................................................................(10) 

put  z = x-1, then 

 σ(xy,x-1) σ(x,y) =  σ(x ,yx-1) σ(y,x-1) 

That is 

σ(xy,x-1) σ(x,y) =  σ(x ,yx-1) σ(y,x-1)........................................................(11) 

put x = z-1, then 

 σ(z-1 y,z) σ(z-1  ,y) =  σ(z-1 ,yz) σ(y,z)................................................(12) 
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  put z = x in (7), then 

σ(x,x-1) = σ(x ,x-1x) σ(x-1,x) 

σ(x,x-1) = σ(x -1,x)...................................................................................(13) 

put y = x in (11), then 

 σ(x2,x-1) σ(x,x) =  σ(x ,xx-1) σ(x,x-1) 

σ(x,  x-1) σ(x,x) = σ(x,x-1) (x2 = x since G is a group, and x∈G ⇒ (x,x x-1) =(x, e). 

Therefore, 

σ(x,x) = 1, if σ(x,x-1) ≠ 0.......................................................................(14) 

from (13), σ(yx,x-1) =  
1( , )

( , )
x x
y x






       ........................................(15)        if σ(y,x)≠ 0 

from(11), σ(x,y) =   
1 1

1
( , ) ( , )

( , )
x yx y x

xy y
 



 

      if σ(xy,x-1) ≠0 

         σ(x,y)    =   
1 1

1
( , )

( , )
x y

xy x


      on  putting σ(x,yx-1) σ(y,x-1)= σ(x1,y1) 

Thus, 

σ (x,y)= σ(xo, yo)        (putting      
1 1

1
( , )

( , )
x y

xy x


          = σ (xo, yo)) 

That is, 

σ(x,y) - σ(xo, yo)=0 

Thus, 

∣ σ (x,y)-σ(x,y) - σ(xo, yo)∣=0 

Thus, given ε>0, ∃ δ > 0, such that 

∣ (x,y)-(x0,y0) ∣< δ ⇒∣ σ (x,y)-σ(x0,y0) ∣< ε. 

Hence the continuity of  σ (xy,z)σ(x,y)= σ(x, yz) σ(y,z)  

Similarly, since  σ (x,e)=σ(e,x), then 
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σ (x,e)-σ(e,x) = 0 

and so, 

 ∣σ (x,e)-σ(e,x)∣ = 0 

Thus, given ε>0, ∃ δ>0 such that 

∣ (x,e)-(e,x)∣< δ⇒∣ σ (x,e)-σ(e,x)∣< ε 

Hence the continuity of (x,e) = σ (e,x) q.e.d.  

Determination of δ 

Now, if 

σ (x,y)- σ (x0,y0)< δ ⇒∣ σ (x,y)-σ(x0,y0) ∣< ε. By continuity of σ, 

 If ∣ σ (x,y)- σ (x0,y0) ∣< ε, there exists a positive number ∣σ (x0,y0)∣ 

such that 

 ∣σ (x0,y0) ∣ ∣ σ (x,y)- σ (x0,y0) ∣≤ ε 

∣σ (x0,y0) ∣ δ≤ ε 

Therefore  δ ≤       0 0( , )x y


   

That is given ε> 0 , we can find a δ such that δ ≤  0 0( , )x y


                 

For an arbitrary point σ(x0,y0) ϵ ℝ .        
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